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THE TRANSFER IDEAL OF QUADRATIC FORMS AND A
HASSE NORM THEOREM MOD SQUARES

DAVID B. LEEP AND ADRIAN R. WADSWORTH

ABSTRACT. Any finite degree field extension K/F determines an ideal Jx,r
of the Witt ring WF of F, called the transfer ideal, which is the image
of any nonzero transfer map WK — WF . The ideal Jk,r is computed
for certain field extensions, concentrating on the case where K has the form
F(\/ai,...,\/an), a € F. When F and K are global fields, we in-
vestigate whether there is a local global principle for membership in Jgr .
This is shown to be equivalent to the existence of a “Hasse norm theorem
mod squares,” i.e., a local global principle for the image of the norm map
Nk/p: K*/K*2 — F*/F*2_ It is shown that such a Hasse norm theorem
holds whenever K = F(y/ay, ... ,/an), although it does not always hold for
more general extensions of global fields, even some Galois extensions with group
1/2Z xZ/41.

INTRODUCTION

For any field F with char (F) # 2, let WF denote the Witt ring of quadratic
forms over F. If K D F is another field, with [K:F] < oo, andif s: K — F
is any nonzero F-linear map, then there is an induced Scharlau transfer map
s,: WK — WF. Since s, is WF-linear, its image is an ideal of WF . This
ideal is known to depend only on K and F and not on the choice of s (cf.,
[S, p. 48, Corollary 5.7]); we call it the transfer ideal of K over F, denoted
Ty /F - Since so many arguments in quadratic form theory involve passage back
and forth between a field and nearby fields it is of interest to determine F .
whenever possible. Yet, beyond the well-known formula when K = F(\/a)
(then F Jp = anny o (1,—a)), very little work seems to have been done on
Ty /F - While it seems hopeless to determine 7 /F in general, there are some
important families of field extensions for which we will describe 7 IF quite
completely.

There are two particular questions, raised by D. Shapiro, which motivated
the work presented here. They are:

I. If K=F(ya, ..., /a,) witheach a, € F (i.e, K is a multiquadratic
extension of F) is Ty r =_, Teayr !
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This would be a natural generalization of the basic case of K = F(\/a).
Unfortunately, the answer to this is no in general for n > 3 (though yes for
n =2). We show in §2 that the validity of

w

‘Z(s/rTn,\/th,s/E)/F = m. ‘7F(\/a—.~)/F
=

forany a,,a,,a, € F is equivalent to F satisfying the property P,(3) studied
in [STW], and to F satisfying the property CV(2,2) of [SL]. The known
counterexamples to these properties thus provide counterexamples to Question
1. On the positive side, we show in §§3-5 that the answer to Question 1 is yes
if F is a local or a global field, or a field with Hasse number #(F) < 2.

2. Is there a local-global principle for T IF when F C K are global fields?

Since it is not difficult to describe 7 IF for F C K local fields (we do this in
§3), such a local-global principle would provide a reasonable way to determine
T /F for global fields. We show in §1 that for certain fields including local and
global fields J /F is essentially determined by the image of the norm map mod

squares: Ny : K'/K *2 , F*/F*?. Thus, Question 2 becomes equivalent to
the question whether there is a local global principle for the image of N, JF
such a result would be a “Hasse norm theorem mod squares.” We prove in §4
that the answer to Question 2 is yes if K is a multiquadratic extension of F .
Thus, for such an extension the Hasse norm theorem mod squares holds. This is
somewhat remarkable since it is well known that the usual Hasse norm theorem
does not hold in general even for biquadratic extensions. However, it will be
shown in [LW] that Hasse mod squares does not hold for all extensions of global
fields, including some with Galois group Z/2Z x Z/4Z . Such extensions yield
counterexamples to Question 2.

We thank D. Shapiro for stimulating our interest in the transfer ideal, and
for asking us Questions 1 and 2.

We will generally follow the notation in [L] and [S] for quadratic form theory.
Thus, if F is a field (always assumed of characteristic not 2) WF denotes the
Witt ring of quadratic forms over F; IF is the fundamental ideal of even-
dimensional forms in WF; and I"F denotes the nth power (IF)" of IF.

We write (a,,...,a,) for the n-dimensional diagonal quadratic form a,xl2 +
~'+anx2 ,and ((a,,...,a,)) for the n-fold Pfister form (1,4,)®---®(1,qa,).

The multiplicative group F — {0} of F is denoted F*. If g is a quadratic
form over F, we write D.(q) for the set of values in F* represented by g.

1. GENERAL PROPERTIES OF THE TRANSFER IDEAL

Let K/F be a finite degree extension of fields, char( F ) # 2, and let I} /F
be the transfer ideal of W F defined in the Introduction. Our main goal in this
paper is to calculate 7 IF in several interesting cases and we begin by defining
some related objects.
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Definition 1.1.

(1) Let Ngjp: K /K*? = F*|F*? be the group homomorphism induced
by the usual norm map from K* to F*. (For convenience, if o € K",
we set Ny (@) = NK/F(aK"Z), and write Ny (a) = a € F* to mean
Nyple) = aF*2)

(2) Let Gyjp =im(Nyp) in F*[F**.

(3) Let Ql(GK/F) be the ideal in WF generated by all binary forms (1,-g)
where gF** € Gy/r -

(4) Let iyyp: WF - WK be the canonical ring homomorphism induced
by the inclusion F — K. Let W(K/F) be the kernel of ix/pr 50

W(K/F) is an ideal of WF . Let ann W(K/F) be the annihilator of
W(K/F) in WF.

Lemma 1.2. If [K:F] is odd then Gy = F*/F*, A(Gyp) = IF, and
Z(/F =ann W(K/F)= WF.

Proof. If a € F*, then Ny p(a) = a®FIF*2 — aF**. Therefore, Gy/r =
F*/F*? and %A(Gy,p) = IF . By Springer’s theorem W(K/F) =0, and hence
ann W(K/F) = WF . Finally Z(/F = WF, by [L, p. 195, Theorem 1.6(2)].
0

Lemma 1.3. If [K: F] is even, then s, (WK) =s,(IK) for any nonzero F-linear
map s: K —- F.

Proof. We can assume K is a simple extension of F. If K = F() there is a
transfer s,: WK — WF with s,((6)) =0 (see [L, p. 196, Theorem 1.7(1)]).
Then for any ¢ € WK, s,(q) = s,(9L(8)), showing s, (WK) =s,(IK). o

Proposition 1.4, Ql(GK/F) c .Z(/F Cann W(K/F).

Proof. Take any q € W(K/F) and ¢' € F -, say ¢’ = 5,(7) for 1€ WK.
Then by the Frobenius reciprocity for the transfer, g-q' = s, (q X 1) =5,(0)=0.
Thus, Z(/F CannW(K/F).

To show Ql(GK/F) c Z(/F it suffices to verify (1,—g) € .Z(/F whenever
gF"‘2 € GK/F. We may assume [K:F] is even by Lemma 1.2. We have
g = Ny/p(a) for some a € K*. Let E = F(a), and let r = [K:E]. Then
g= NE/F(a)'. If r is even, then g € F*> and (1,-g)=0¢ Fx/r - Assume
r is odd, so [E:F] is even. Then .Z(/F = .7E/F by Lemma 1.2. So, using [L,
p. 195, Theorem 1.6(1)] (1,-g) = (1 »—Ng,p(@)) € .9;./F = ‘71(/17’ as desired.
0]

The behavior of the transfer ideal under scalar extensions is known:
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Lemma 1.5. Let F C K, L be fields with [K:F] < oo. Then,
(1) If K®. L=E & ---0©E,, with each E; a field, then iL/F(Z(/F) -
> ‘71/1"
(2) If K is Galois over F and K - L is any compositum of K and L over
F, then iy ,r(Ty/r) € Ty -

Proof. (1) is immediate from [A, Satz 2.2]. Then (2) follows from (1), since
when K is Galois over F each E; is L-isomorphicto K- L. o

For a quadratic form g over F,let d (q) be the signed determinant of ¢,
ie., d (q) = (=1)"""V72 get (q) € F*/F**, where n =dim q.

Lemma 1.6. For any nonzero F-linear map s: K — F the following diagram is
commutative:

1K - k*/k*?

- | Me |

IF %, p*/F?
Proof. See [S, p. 51, Theorem 5.12]. O

Lemma 1.7. Take any g€ WF and g€ F".
(1) Ifqu'(/F then d (q) € Gy/r -
(2) (1,-g)€Iy,r ifand only if gF e Gy /r -
(3) Suppose q € IF, and suppose q = q,1q,, where dimq, = 2 and
q, € I*F . Then q 6.9;(/,,. ifand only if q, € Ql(GK/F) and q, e¢7K/F.
(4) If [K:F) is even, then Ty = WGy p) + (Tgp NI'F).
Proof. (1) follows easily from, Lemmas 1.2, 1.3, and 1.6. Then (2) follows by
(1) and Proposition 1.4.

(3) Suppose g € 9;”. Then d (q,) = d,.(q) € GK/F by (1). So, ¢, =
c(l1,-d, (q) € ‘71</F by (2), and g, = g —¢q, € (7K/F. Conversely, if ¢, €
Ql(GK/F) and g, GZ(/F ,then g € Z(/F by Proposition 1.4.

(4) This is immediate from (3) and Proposition 1.4, since every g € IF can
be decomposed as g = (1,a) L g, where ¢, € I*F . O

The description of the transfer ideal for a quadratic extension is well known:

Proposition 1.8. Let K = F(\/a) for a€ F*, with [K:F]=2. Then Gy/r =
D (1,-a)/F**, W(K/F) = WF(l,-a) and Gy ) = Ty, r = ann W(K/F).

Proof. The formula for the norm yields Gy, = D(1, —a)/F**. The exact
triangle for a quadratic extension [S, p. 50] determines W(K/F) and shows
T /p = ann W(K/F). Since the annihilator of a Pfister form is generated by
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2-dimensional forms [S, p. 74, Theorem 10.13], Lemma 1.7(3) shows 7 P =
AGyp). O

Proposition 1.9. Let K = F(/a,Vb) for a,bc F*, with [K:F]=4. Then,

(1) G[(/F = im(NF(\/E)/F) n im(Np(\/T,)/p) = (Dp(<‘“a)) n D[-‘((‘b» )/F*z .

(2) Fg)p =amW(K/F) =T ar N Tpspr = ann{(-a)) Nann{(-b)).
The ideal F;, /F IS generated by 1-fold and 2-fold Pfister forms.

(3) Although A(Gy r) C Ty, » equality need not hold.

Proof. The second equality of (2) holds since
W(K/F) = {(-a))WF + ((-b))WF

by [ELW ,, Corollary 2.12]. The first equality of (2) then follows by [E, Propo-
sition 2.5). (In applying [E, Proposition 2.5], take K = F(y/a), y = ((—b)) and
note that ann WK (yK) = .7,,.( V@ vB)/F(Va) .) It is shown in [ELW ,, Corollary
4.9] that ann ((—a))Nann((—b)) is generated by 1-fold and 2-fold Pfister forms.
The equalities in (1) follow from (2), Lemma 1.7(2), and Proposition 1.8.

To show (3), let F be any nondyadic local field (so |[F*/F**| = 4) and let K
be the unique biquadratic extension of F. Then |G / pl =1 (see the proof of
Theorem 3.2 below), so A(G / r) = (0). But the anistropic 2-fold Pfister form

9 of F liesin Jy,, since I’F =0 implies p €ann(IF)CFy . O

Consideration of more general multiquadratic extensions will be deferred to
§2.
Lemma 1.7 reduces the determination of <7K/F to computing GK/F and

I FN I*F . We will be interested in cases where T Nl I*F can be computed
by signature conditions relative to the orderings of F. Let X, denote the
(compact, Hausdorff) topological space of orderings of F (see [S, Chapter 3,
§5]). For any field K D F, let egp: Xy — Xp denote the (continuous)
function mapping an ordering of K to its restriction to F. If P € X, then
<p denotes the associated order relation of F,so P={a€ F|a >, 0}. For
q € WF, sgn,(q) denotes the signature of g relative to P.

The following theorem is given (in a somewhat more general form) in the
thesis of R. Bos [Bo, p. 139, Theorem 6.9], which regrettably is unpublished at
this time. We therefore give a proof, adapted from the one in [Bo]. We thank
R. Bos for his kind permission to use his argument.

Theorem 1.10 (Bos). Let F C K be formally real fields with [K:F)] < oo.
Then there is a clopen subset Y of X, with Y homeomorphic (via 8K/F) to
im(e /F) -

Proof. Let A =im (e ). Then 4 isa clopen subset of X since &g/ 15 both
a closed mapping, as X, is compact, and also an open mapping by [ELW 39
Theorem 4.9], as K is finitely-generated over F. Take any P € A, and let
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Q,,...,Q, be the extensions of P to K. The number of extensions is finite,
since it is bounded by [K:F]. Since {Q,,...,Q,} isclosed in X, thereisa
neighborhood B of Q, with Q, ¢ B for i > 2. By choosing B to be in the
Harrison base of X, , we may assume that B is clopen. Then the characteristic
function of B, X : X, — {0,1}, is continuous. Let C(X,Y) denote the
set of continuous functions from X to Y. By [ELTW, (6.6), (6.8)] the trace
map try, . induces a function tr,: C(X,,Z) — C(X,Z) given by

(&) P)= > Q)
Qeeg ) (P')

for every P’ in X, . Let f=tr,(X ) € C(X.,Z). Then forall P', f(P') =
|BNeg,(P")], s in particular f(P)=1. Let Cp = é&g,(f”'(1))NB, a clopen
subset of X containing Q, , and let D, = eK/F(CP). Then P € D, and Ex/F
maps C, bijectively (hence homeomorphically as Ex/F is closed) onto D, .

Because A is compact the clopen cover {D,|P € A} of A has a finite sub-
cover Dy, ..., D, . Let T, =D, —UZ) Dp ,andlet S, = ¢x,x(T)NCp,
for i=1,2,...,n. Then T,7T,,...,T, form a clopen cover of 4 by dis-
joint sets. Further, each §; is clopen in X, and is mapped by Ex/F home-
omorphically onto 7;. Hence, U;’=l S, is a clopen subset of X, mapping
homeomorphically onto A4, as desired. u]

Remark. 1t is shown in [Er] that if L is any finitely-generated (not necessar-
ily algebraic) field extension of F, then there is a continuous section map
0: Xp — X, such that € po0 = id. This theorem is also proved in [Bo,
p. 140], without the assumption of finite generation. The result in [Er] is in-
sufficient for us here as we need that there is a section ¢ with im (o) clopen.
This is true when [L: F] < oo, but not in general.

For a field K, let st K denote the reduced stability index of K. That is,
st,K is the least integer n such that I"'K € 2I"K + WK, where WK is
the torsion subgroup of WK . It is known (cf. [Br, Satz 3.17] and [ELTW,
Lemma 8.3]) that s¢,K is also the least n such that the total signature map
sgn: I"K — C(X,,2"7) is surjective. Recall that sz K <1 if and only if X
satisfies SAP [Br, Satz 3.20]. Also, if K is not formally real sz, K =0.

Consider the following hypothesis on a field F and an integer n:

For every finite degree extension K of F,

(*) .
I""'K is torsion-free and st K <n.

The fields satisfying () for n = 1 or n = 2 are those for which we can describe
T /FN I’F by signature conditions.

Theorem 1.11. Let F be a field satisfying (x) for some integer n, and let K
be any finite-degree extension of F . Then for any transfer sf/ F-wk-wF,
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sKIE (k) = I'FnIp={a€ I"F | sgnp(q) = 0 for each P € X, which does
not extend to K} .

Proof. Observe that sf/ F (I"K) is the same for any transfer map; at times a spe-
cific choice of sX/* will be convenient. The inclusion s*/*(I"K) C I"F N I
follows from [A, Satz 3.3]. The second inclusion C follows from Knebusch’s
formula [S, p. 124, Theorem 4.5] which says that for any g € WK, if sf F is
the trace transfer, then for any P € X

(1.12) sen, X T (@)= Y sengy(a)-
Q€ey ) (P)

To show that the third set lies in sf/ F (I"K) , first assume F is nonreal. Then
we must show I"F C s¥/F(I"K) . It suffices to replace K by M where M is
the normal closure of K over F. By Galois theory, M is obtainable from F
by an odd degree extension followed by a succession of quadratic extensions
(followed by another odd degree extension if M is not separable over F).
Since Lemma 1.2 disposes of the odd degree extensions, we can reduce to the
case of a quadratic extension L/E, where M D LD E D F,say L = E(\/¢).
We have I"E C ann,, ((~c)) = 5 since I"*'E =0 by (). It follows that

I"E C sf/ E (I"L), since every n-fold Pfister form in I /E is the transfer of an
n-fold Pfister form from L, by [A, p. 459, Zusatz].
Now assume F is formally real. Let (I"F ), denote the torsion ideal of I'F.
To show (I"F), C sXF(I"K) it suffices to verify
(I"F), € s*=DF 1"k (V=T)).

t — "%

For this, note that I"F(v=T) ¢ sXV"D/FV=D(1"k(/=T)) by the nonreal
case above. In addition, we have (I”F), Canny, ((1)) = .Z.(\/_—l)/F as I""'F

is torsion-free. But (I"F ), 1is generated by torsion Pfister forms. (This holds
when n=1 or n =2 by [EL |, Theorem 2.8]. For n > 2 itholds as st F <n,
by [K, Theorem 1].) Therefore, it follows as in the nonreal case that (I"F ), €

sFV=D/F (" F(=T)) . Thus,
(I"F), € sSYTVEIK (V1) € KUK,

To complete the formally real case, let Y be a clopen subset of X, with ¥
homeomorphic to im (8K/F), as described in Theorem 1.10. Take any ¢ €
I"F such that sgn,(g) = 0 for all P € X, - im (e ). For i € Z, let
C, = {P € X|sgnp(q) = i2"}. Then each C, is a clopen subset of X,

and for N sufficiently large, X, = Uf; _n C;, a disjoint union. For i # 0,

set D, = s;; r(C;)NY, aclopen subset of X, . The hypothesis on g assures
that eg/r(D;) = C;. Since st,K < n, there exists for each i # 0, 7, € I"K
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satisfying
2", ifQeD,,
0, ifQ¢D,.
Set 7, =0. Then, (assuming sf/ F'is the trace transfer) formula (1.12) yields
AN .
K/F 2", ifPe Ci ,
sgn, (s, (7)) =
o @) ={ o epac,

sgnQ(‘ci) = {

Let =L _ycicn T € I"K . Then sgnP(sf/F(t)) =sgn,(q) forall P € X.. By

Pfister’s local global principle [S, p. 56], ¢ L —sX/F(1) e (I"F), c sKE(IK) .
Hence g € sf/ F(I"K), completing the proof. O

Theorem 1.13. Let K be a finite degree extension of a field F satisfying (x) for
n=1orn=2. Let qe€IF. Then gq EZ(/F if and only if both (1) and (2)
hold.

(1) dy(q)€ Gy/r -

(2) sgnp(q) =0 for all orderings P € X which do not extend to K .
Furthermore, if F satisfies () with n = 1, then q € YK/F if and only if (2)
holds.

Proof. If g € Ty,
(1.12).
Now assume (1) and (2) hold. Since d, (q) € GK/F , we have (1,-d (q)) €

A(Gy / ) €I JF - Therefore, for every P € X which does not extend to K,

sgny(1,-d_(¢q)) = 0 by formula (1.12). Let q = (1,-d,(q)) L g€ I’F.
Then sgnp(q') =sgny(q) =0 forall P e X, - im(aK/F). So, Theorem 1.11
implies ¢’ € YK/F. Since (1,-d,(q)) € Z(/F , it follows that ¢ €.7K/F.

Now assume F satisfies (x) with n = 1. Then Theorem 1.11 shows g €
Z(/F if (2) holds. o

then (1) holds by Lemma 1.7(1) and (2) holds by formula

Recall that a finite degree extension of fields K/F is called a 2-extension if
K is obtainable from F by a succession of extensions of degree 2.

n+1

Corollary 1.14. Suppose F is a field with I"""F torsion free and st (F) < n,
for n=1 or n=2. Then the conclusions of Theorems 1.11 and 1.13 hold if K
is any 2-extension of F .

Proof. We first observe that for n = 1,2 the properties (a) st F < n and

I""'F torsion-free are equivalent to () st,F < n and F satisfies 4, .

(The absolute stability index st F is the least r such that I'''F = 2I'F.
The field F satisfies 4, when there are no nonzero torsion m-fold Pfister

forms over F.) As remarked in [ELTW, p. 1165], when I""'F is torsion-free,
st. F < n if and only if sz, F < n. Hence (a) = (). On the other hand,
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st F < st F and for m = 2,3 property 4, implies I"F is torsion-free, by
[EL,, Theorem 2.8] and [EL ,, Theorem 3]. So (8) = (o).

It is shown in [Le, Proposition 3.8] that the properties () are inherited by
quadratic extensions. (This is proved in [EP, Theorem 3.3] for the extension
F(v/=1)/F.) Hence, the properties (a) for n = 1 or n = 2, which we have
assumed for F, also hold for every 2-extension of F . With this information,
the proofs of Theorems 1.11 and 1.13 carry through unchanged. O

Remark. To cut down on the hereditary hypotheses appearing in condition (*),
for n > 2 we could replace (*) by the following condition: Assume I"'K is
torsion free for all finite degree extensions K of F, and st F < n—1. For,
from this hypothesis we recover (x) by the theorem of Brocker [Br, Satz 4.3]
which says st K < st F + 1 whenever K is algebraic over F .

2. THE TRANSFER IDEAL OF A MULTIQUADRATIC EXTENSION

In this section we specialize to the case of multiquadratic extensions K/F .
We give an inductive approach which will allow us to compute 7, /F for K a
multiquadratic extension whenever F is a local field (§3), a global field (§4), or
a field with @(F) <2 (§5).

For any field F and any a € F", set Ny(a) = im(Ny ) C F*/F**. So
Np(a) = Dp((-a))/F™.

The following notation will be used for Lemmas 2.1-2.3: Let F be a field,
K=FWby,Vb,,...,Vb,) for some b,,...,b,€ F*,and L=F(V},).
Lemma 2.1. The following statements are equivalent:

(1) Forany c,...,c, € F*,if N_, D;(c,{((=b,))) # D, then

Nizy DL (c{((=b))NF" # 2.

(2) NL/F (nz"l=l NL(bi)) = n:;o NF(bi)'

Proof. If L =F, then by € F**,s0 N.(b,) = F*/F** and (1) and (2) hold
trivially. Thus, we may assume [L:F] = 2. Let sf/ F denote the transfer
map induced by the F-linear map s LS F given by sHF (1) =0 and
sHE W) = 1.

(2) = (1) Let I € N_, D,(c;{(-b;))), and let ¢ = Ny p(I). We have
I{(=b,)) =, c,{(=b;)), 1 <i < n. Since [{(—b,)) is defined over F, 0 =
sEE(1((=b))) = r((~t,—b,)) for some r € F*. Therefore, 1 € (\_y Np(b,).
From (2) we conclude there exists m € (,_, N,(b,) such that N, p(m)=t=
Ny (1) Since the sequence F*/F** - L*/L" Nesg F*/F*? is exact (cf. [L,
p. 202]) thereisa d € F* with dm/l € L**. Thus,for 1<i<n, d{(-b))) =,
dm((=b))) =, I{{(-b;)) =, c,((-b,)). This shows d € _, D, (c,((-b,)))NF",
proving (1).

(1) = (2) The inclusion C in (2) is clear. Let t € \_, N.(b;), and take

any / € L" with N (/) =t. Then s”/"(I{(~b,))) = r{(~t,~b,)) = 0 since
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t € Ng(b;). Therefore [{((~b;)) =, c/{((-b,)) for some ¢, € F". Since / €
Nie; Dy (c;{{=b;))), (1) implies there exists d € N_, D, (c,{{~=b,))) N F*. Let
m=dl. Then m =dl e N_, D,(Ic;((-b,))) = N_, D, {{(~b,)). This shows
m e N, Ny(b) and N, (m) = d’t =t (mod F*?); hence Ni_o Ne(b;) €
Ny r (N, N.(b,)) proving (2). O

Remark. Condition (2) of Lemma 2.1 does not depend on the choice of gen-
erators of F(vV'b, ,...,V'b,) over F, as one can see using the fact that
Ng(b) N Ng(c) = Ng(b) N Np(c) N Np(bc). (For this, note that x € N.(b)N
Ng(c) = b,c € Ng(x) = bc € No(x) = x € N(bc).) Thus, condition (1)

does not depend on the choice of the generators either.

Lemma 2.2. Suppose the statements in Lemma 2.1 hold for K/F' for all fields
F' with F CF' CK. Then Gy, p =, Np(b,).

Proof. The inclusion C is clear, and the other inclusion follows by an easy

induction using (2) of Lemma 2.1. m]

Lemma 2.3. If Gy p =i, Np(b) andfor m=1 or2, I™'F is torsion-free
and st F < m, then

n n
TkiF = rl ann ((-b,)) = ﬂ TrWEF-

i= i=0
Proof. The second equality follows from Proposition 1.8. In the first equality
the inclusion C holds as 7}, /F C Te ) ;¢ = ann{(=b,)) . For the other inclu-
sion, take g € (g Jf (/3 r - Then by Lemma 1.7(1), d,.(q) € Ni_y Gr5)r
=Ny Ne(b) = G/p - Suppose P is an ordering of F which does not ex-
tend to K. Then some b, <, 0. Hence sgn,(q) = 0 since g € ann((-b;)).
Corollary 1.14 implies g € F; IF - o

In [STW] a property P,(3) was considered. It was shown [STW, Proposition
2.8] that a field F satisfies property P (3) if and only if condition (1) of
Lemma 2.1 holds for all b,,b,,b, € F * . It was also shown in [STW, §5] that
if F is finitely generated of positive transcendence degree over @ or is finitely
generated of transcendence degree 2 or more over any field of characteristic 0,
then F does not satisfy P (3). These examples yield counterexamples to the
first question of the introduction.

Proposition 2.4. Let F be a field not satisfying property P,(3). Then there exist
by,b,,b, € F* such that for K = F(V b, ,V'b ,V'b,),
n n
GK/F G n Ng(b,) and 'Z(/F G ﬂ%(\/ﬂ‘)/r'
=0

i=0 i
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Proof. Since F does not satisfy P,(3) there are b,,b,,b, € F* for which (1)
of Lemma 2.1 fails to hold. Use these b;. Then, with L = F(V b,) we have

2
Gyyp Ny p(N () NN (B,) & () Np(B)
i=0

since (2) of Lemma 2.1 must also fail. So, for any ¢ € ﬂf=0 Ng(b;) with
¢ ¢ Gy, ((-0) € Mg Trwryr » bUL ((—0)) ¢ i, by Lemma 1.7.
a

3. THE TRANSFER IDEAL FOR LOCAL FIELDS

We now calculate 7 /F and the related quantities defined in §1 for F C K
local fields, i.e., fields with complete discrete valuation and finite residue field.

Theorem 3.1. Let F bealocal fieldand K = F(V b, , ...,V b,) where by, ...,
b, € F*. Then,

(1) GK/F = n?:o Ni(b;).
(2) Ixir = Nizo 300 {(=0))) = Ni_o Trw/5yr -

Proof. Let L = F(V'b,). Recall that if [L:F] =2 then every three-dimen-
sional quadratic form defined over F becomes isotropic over L (see [L, p. 158,
Corollary 2.15]). Statement (1) of Lemma 2.1 follows easily when [L:F] =
2, and holds trivially when [L:F] = 1. Hence, Lemma 2.2 shows GK/F =
ﬂ;’=0 N(b;), proving (1). Then Lemma 2.3 with m = 2 yields (2), since I’F =
0 and st F=0. o

Theorem 3.2. Let K/F be an arbitrary finite degree extension of local fields and
let E be the maximal multiquadratic extension of F contained in K. Then,
(1) Gy/p=Ggp and UGyp) =AGg/p)-
(2) .9,'(/,, = .92./,, = annW(E/F) = ann W(K/F), unless [K:F] is even
and E = F . In that case, .Z(/F =annW(K/F)=IF.
(3) A(Gyp) =Iyp ifand only if [K:F] is even and [E:F] < |F*/F*?.

Proof. Let K' be the maximal abelian Galois extension of F in K, and let
L=F({JalaeF'}). Then [L:F] = lF‘/F"zl <o and E=K'NL. We
have GK/F = Gy, JF by [Se, p. 172, Proposition 3; p. 195, Theorem 1] and
GK,/F . GL/F = GE/F by [Se, pp. 172-173, Proposition 4]. Since F* mod the
group of norms from L* is isomorphic to the 2-torsion Galois group Gal (L/F)
by [Se, p. 169], this norm group contains F *2 1t follows from [Se, p. 172, Corol-
lary] and Kummer theory that |F*/F*? : Gyl = |Gal(L/F)| = |F*/F*}.
Therefore, |GL/F| = 1. In all, we now have G

K/F = GK’/F = GK’/F ) GL/F =
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GE/F , proving (1). This shows, by Lemma 1.7(2), that Z(/F and YE/F con-

tain the same binary forms. In addition, I’F C 9,;/1, - %/F by Theo-
rem 1.11. Assume E 2 F. Then, ‘71(/17 = <7E/F (see Lemma 1.7(4)). Let
E = F(,a,...,a,). Since W(E/F) C W(K/F) we have by Theorem

3.1(2) and Proposition 1.4,

ann W(K/F) Cann W (E/F) C rn] ann((—a,))
i=1
= yE/F = Tr € ann W(K/F).

This proves the first sentence of (2), unless [K: F] is odd. But the case [K: F]
odd is settled by Lemma 1.2. Now assume [K:F] is even and E = F. By
Lemma 1.7(4) we have ;. = IF since Gy, = Gy = F'/F*>. Thus,
IF = %/F C annW(K/F) C IF by Lemma 1.4 and the fact that W (K/F)
contains the anisotropic 2-fold Pfister form. This completes the proof of (2).
For (3), we may assume [K:F] is even (since otherwise Lemma 1.2 shows
WGy p) = IF G Typ = WF). Then F . C IF. Now, A(Gy,;) and Ty
contain the same binary forms, and 71( ¢ contains the anisotropic 2-fold Pfister
form, call it ¢ . Since ¢ is a multiple of every anisotropic 2-dimensional form,
Z(/F =A(Gg/r) if and only if UGy ) #0, if and only if |GK/F| > 1, if and
only if |G, / pl > 1. By the same argument as above for L, the group of norms

from E to F contains F*?, so that |F*/F**: Gy, ;| = [Gal(E/F)| = [E: F].
Therefore, |Gy | > 1 if and only if [E:F]<|F"/F*’|, proving (3). O

4. THE TRANSFER IDEAL FOR GLOBAL FIELDS, AND
THE HASSE NORM THEOREM MOD SQUARES

We begin this section by proving statement (1) of Lemma 2.1 for global fields.
This will lead to a determination of J IF for K a multiquadratic extension
of a global field F, and to a Hasse norm theorem mod squares for such fields.
Let Q(F) denote the set of prime spots of a global field F. If p € Q(F) let
Fp denote the p-adic completion of F and, if p is finite, let v, F* —17 be
the (surjective) valuation of F associated to p.

Theorem 4.1. Let F be a global field, and let a b, , ... b, , ¢, ,...,c, € F".
Set L=F(va). If N, D,(c,{(-b,))) # @, then N_, D, (c;{{(~b))NF" # 2.
Proof. We may assume [L:F] = 2, and we may assume a,b,,...,b, are

Z,-independent in F *|F *2 since the remark after Lemma 2.1 shows we can
use any set of generators of F(V'b, ,...,V'b,) to prove the theorem. Let
vi=c{{(=b)).

Assume there is an [ € ﬂ;’zl D, (y;,). Let T, be a finite subset of Q(F)
containing all infinite primes, all dyadic primes, and all finite primes p at which
any of v (a), v, (b)), ...,v,(b,), v,(c)),...,v,(c,) is nonzero. Let T, be
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another finite subset of Q(F), disjoint from T, such that, for each subset ./
of {1,2,...,n} thereis a p € T, such that a ¢ F;z and, for 1 <i<n,
b, ¢ F;Z if and only if i € .. The existence of T, follows from the Z,-
independence of a,b,, ...,b,, using the Global Square Theorem (cf. [OM,
65:17]). Let T=T,UT,.

For each p € T, property (1) of Lemma 2.1 holds for the local field Fp by the
proof of Theorem 3.1 if p is finite, and it holds trivially if p is infinite. So there
is an r, € F, satisfying r, € (_, D, (7,) for each P € Q(L), Plp. (This
argument applies if there is only one P|p. But if there are P, # B, € Q(L)
with each P,|p, then each L, =F,, and we can take r, = I‘BI J)

Now, we adjust parities. Let

S ={ilr, ¢ Dy (;) for an odd number of pe T }.

and only if i € &. If =m; is any uniformizer for Uy > let Loy = Tolp, - Take
any i € . Then YiF, is an anisotropic unit form, so , € DF,O(yi) if and

only if r, ¢ DFpo(y,.)? Nonetheless, for P, € Q(L) with P lp,, we have
ty, € DL%(yi) as b, € L;Zo (since b, = a (mod Fp? )). On the other hand,

if i ¢ & then YiF, is isotropic, so r, , I, € DF,O(yi)’ Set ¢, =r, for
0
all p e T - {p,}. By this adjustment at p, we have assured that for each i,

1<i<n, {peTls, ¢ Dg (v,)} is even while 7, € D, »(7) foreach pe T

and Blp.
By the weak approximation theorem there is a ¢+ € F* such that ¢t = L,

Choose a p, € T, such that a ¢ Fp";z and, for 1 <i<n, b ¢ Fp’:)z if

(mod Fp*z) foreach pe T. Let R={p,,...,p,} be the set of primes p of
Q(F) - T at which v,(¢) is odd. Let 9 =[], p°® be a modulus (cf. [J, p.

107]) with exponents e(p) chosen sufficiently large that Fp, C Fp'2 for each
pe T. (Here,

Fyp , ={c€ F"|v,(c) =0 for each finite p€ T and c =1 (mod M)},

cf. [J, p. 108].) Let I™ be the part of the ideal group of F generated by
Q(F)— T, and let i(Fy, 1) be the image of Fy, m, N ™ . By the Frobenius
density theorem [J, p. 137, Theorem 5. 8] or [W, p. 290 Corollary] there is a
prime q € Q(F)—(TUR) lying in the coset of (p, .. pk) in the finite ray class
group Im/i(Fm‘]). That is, there isan x € Foy, | suchthat (x) = (p,) - (p)(q)
in the ring of integers of F.

We claim that tx € _, D, (y,)nF" . This will complete the proof. It suffices
by the Hasse-Minkowski Theorem [OM, 66:4] to verify that tx € DLm(yi) for
each € Q(L) and each i. Take any P € Q(L) and let p be the restriction of
Pto QF).If peT,then x € F;z; so, mod L;,z, tx=t=t €D, () for
each i. If p € Q(F) - (T U{q}), then y, is a unit form and v,(tx) is even, so
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txeD F (7,) € DLm (7;) . There remains only p = q. But note that by Hilbert’s
reciprocity law [S, p. 221, Theorem 5.1] (applied to ({(—tx)) ® y,) for each i
the set S, = {vr € Q(F)|tx ¢ D, (7,)} is finite of even cardinality. Also, we
have just shown that S, C TU{q}. But for t€ T, xt =t (mod F:z ), SO
|S; N T| is even by the earlier parity adjustment. Hence, q ¢ S, for each i,
ie, tx € DF,(Vi) C DLQ(y,.) for each 0Q|q. This proves the claim. O

Theorem 4.2. Let F be a global field, and K = F(,/a,...,./a,), for any
a,,...,a,€F". Then,

(1) GK/F = n;;l NF(ai)'
n n
(2) *71(/1: ==, ann{(-a;)) = N, ‘?F(\/a—,-)/p .
Proof. (1) follows from Theorem 4.1 and Lemma 2.2. Recall (e.g. from [L,

p. 172, Corollary 3.9]) that for any global field E, I’E is torsion-free and
st E <1 as E satisfies SAP. Hence, F satisfies (x) with n =2, so (2) follows
from (1) and Lemma 2.3. o

If c € F* and p € Q(F), we let ¢, denote the image of ¢ under the
embedding F — F,.
Definition 4.3. Let E/F be a finite degree extension of global fields.

(1) Let L={ceF"|c,F e G, r, Jor all € Q(E), p € QF), Plp},
i.e., L is the group of local norms mod squares. Let G = {c € F*| cF*?
€ G, / £}, Le, G is the group of global norms mod squares. We say
the Hasse norm theorem mod squares holds for E/F if LC G.

(2) We say there is a local global theorem for 7 /F iffor qe WF, g, €
Teoyr, Jor all p € Q(F), Plp, implies q € Ty .

Theorem 4.4. Let E/F be a finite degree extension of global fields. Then there
is a local global theorem for T /F if and only if the Hasse norm theorem mod
squares holds for E/F .
Proof. Suppose there is a local global theorem for J, JF - Let c € F*, and
suppose ch;2 € Gy, p, forall p € Q(F), Plp. Then g = (1,—c) satisfies
q,€ ‘7Em /F, for all p € Q(F), and hence g € 7 /F by the local global theorem.
It follows that ¢ = d_ (q) € G /F by Lemma 1.7(1), so the Hasse norm theorem
mod squares holds for E/F .

Now assume the Hasse norm theorem mod squares holds for E/F . Suppose
g € WF with g, € Y%/Fp for all p € Q(F), Plp. Then d (q,) € Gg, f,
for all p € Q(F), so d,(q) € G,/ by the Hasse norm theorem mod squares.
Let p be an infinite prime of F corresponding to an ordering P of F that
does not extend to E. Then ‘ZEWF» = J¢,rp =0 since ann((1)) =0 in WR.
Therefore, q,= 0, which implies that sgn, (¢) = 0. Since a global field satisfies
(*) with n =2, Theorem 1.13 implies g 6.75/,,- . o
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Remark. If E/F is a finite degree Galois extension of global fields, then every
global rorm in F from E is a local norm from E . In particular, G C L (see
Definition 4.3). Similarly, if ¢ € J;,; then g, € 92‘” ,r, forall p € Q(F),
Blp, by Lemma 1.5. But none of these assertions is true in general if E/F is
not Galois. (To see this it suffices to consider an example with [E: F] =3 and
a p € Q(F) with exactly two P, € Q(E), B;lp.)

Theorem 4.5. Let F bea global fieldandlet K = F( /@, ...,,/a,) fora,, ...,
a, € F* . Then the Hasse norm theorem mod squares holds for K/F and there
is a local global theorem for IF

Proof. Take ¢ € F* and suppose ch;z € Gy, /r, forall p e Q(F) and P e

Q(K) with B|p. Then ch;Z €Ny, Ny (a,) forall p € Q(F), by Theorem 3.1
if p is finite, and trivially if p is infinite. By the usual Hasse Norm Theorem for
quadratic extensions [OM, 65:23] it follows that ¢F** € N Ne(a,) = Gy/r
by Theorem 4.2(1). This shows the Hasse norm theorem mod squares holds for
K/F , and the local global theorem for 7 IF follows by Theorem 4.4. o

Remark 4.6. Note that the extension Q(v13,v17)/Q fails to satisfy the usual
Hasse norm theorem (cf. [CF, p. 360]) but we have just shown that the Hasse
norm theorem mod squares does hold. However, this seems to be rather special
to multiquadratic extensions. In a forthcoming paper [LW] we will show that
for any odd prime ¢ the Hasse norm theorem mod ¢ does not always hold
for elementary abelian g-extensions of global fields. We will also show that the
Hasse norm theorem mod squares does not always hold for Galois extensions
with group Z/2Z x Z/2™ Z, for m > 2. This yields examples of extensions for
which the local global theorem for the transfer ideal fails to hold.

5. THE TRANSFER IDEAL FOR FIELDS WITH #I(F) <2

We turn now to another class of fields for which we can compute the transfer
ideal. Let F be a field with Hasse number #(F) < 2. This means that every
three-dimensional quadratic form over F which is indefinite with respect to
every ordering of F is isotropic. Examples of such fields are algebraic exten-
sions of R(x) where R is a real closed field or even a hereditarily Euclidean
field. (See, e.g., [E, Ex. 4.9], [ELP, Theorem I}.)

Theorem 5.1. Let F be a field with i(F) < 2. Then the statements in Lemma
2.1 are true forany b, ... b, € F".

Proof. We prove (1) in Lemma 2.1. Let L = F(V'b,). Recall that (L) < 2
by [ELW ,, Proposition 3.3], since #(F) <2 and [L:F]<2. For aeL*, let

a)={P € X, |a>, 0}, where X, is the space of orderings of L. For any
b,....b,, ¢ ,c, € F*, let

n 12>

E =|JH, (-b)NH,(c)) and E,= U b,) N H,(~c,)).

i=1
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We claim that

n
() D,(c;((~b))) #@ ifand onlyif E NE,=a.

i=1

For, if E,NE, # @ thereisa Pe X . and there are indices i, j, such that
b, <p0, bj <p0,and c;c; <p 0. Then one of ¢,((-b;)), cj((—bj)) is positive
definite and the other is negative definite; so D, (c,{(=b,)))ND,(c;{{(-b;)})) =D .
On the other hand, if E,NE, =@ thereisan /€ L* with [ >, 0 for P € E,
and / <, 0 for P € E,. (This uses the SAP property for L, which holds as
#(L) < 2, cf. [ELP, Theorem F].) Then for each i, (c,,—b,c;,—I) is totally
indefinite, hence isotropic as #(L) < 2. Thus, [/ € ﬂ,=l D, (c;{{-b,))), as
claimed.

Now, suppose _, D, (c,((-b,))) # @. Then E NE, = . Hence, because
E, and E, are defined by elements of F, err(E)) nsL/F(EZ) = . Using
SAP for F, which holds as #(F) < 2, we find an f € F* with f >p 0 if
Pee; p(E)) and f<p0if Pe é;/r(E,) . Then fen, D (c{(-b))NF*
by the same argument as for / above. This proves (1) of Lemma 2.1. o

Corollary 5.2. Let F be a field with 2(F) <2 andlet K=F(Vb,,...,Vb,),
forany by, ...,b, € F". Then,

(1 GK/F = n?=o NF(bi)‘
(2) Ixir= Nizo ann{(=b,)) = N}, TE B F -

Proof. Every multiquadratic extension E of F satisfies #(E) <2 by [ELW ,,
Proposition 3.3]. Therefore, Theorem 5.1 and Lemma 2.2 imply statement (1).
Since #(F) <2, I*F is torsion free and F is a SAP field, i.e., st,F <1.So
statement (2) follows by Lemma 2.3. O

We close by deducing from the results of §1 a kind of “local global principle
for F, /F ” for fields which satisfy hereditarily & < 2.

Corollary 5.3.

(1) Assume @(K) < 2 for every finite degree extension K of a field F . Then
for qge WF, g€ .Z(/F if and only if sgny(q) = O for all orderings P
of F which do not extend to K .

(2) If one assumes only that @(F) < 2, then the conclusion of (1) holds if
K is a 2-extension of F .

Proof. Condition () with n =1 is equivalent to #2(K) < 2 for all finite degree
extensions K/F , since #(E) < 2 if and only if I*E is torsion-free and E isa
SAP field (cf. [ELP, Theorem F]). Thus, Theorem 1.13 yields (1) and Corollary
1.14 gives (2). 0
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